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Abstract
At any pressure-sensitive quantum critical point (QCP), the volume thermal expansion coefﬁcient is more singular than the speciﬁc
heat. Consequently, the resulting critical Grüneisen ratio Gcrbcr/Ccr, where bcr and Ccr denote the thermal expansion and speciﬁc heat
after subtraction of non-critical background contributions, diverges. The related critical exponent e in GcrTe can be used to
characterize the nature of the underlying quantum critical ﬂuctuations. We have performed a comparative study on various
heavy fermion (HF) systems close to antiferromagnetic QCPs. In particular, we have studied (i) CeIn3xSnx, (ii) CeNi2Ge2,
(iii) YbRh2(Si0.95Ge0.05)2, as well as (iv) CeCu5.8Ag0.2, all of which show a divergent Grüneisen ratio. For the two former systems the
critical exponent e ¼ 1 is compatible with the predictions of the well-established Hertz–Millis–Moriya theory for three-dimensional
extended quantum critical ﬂuctuations. By contrast, for the two latter systems eo1 is found to be incompatible with ‘‘conventional’’
quantum criticality. Our results thus suggest the existence of at least two different classes of QCPs in HF systems.
r 2007 Published by Elsevier Ltd.
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1. Introduction
Heavy fermion (HF) systems, i.e. intermetallics of
certain rare earths and actinides that contain a lattice of
4f- or 5f-derived moments, have turned out to be
prototypical systems for the study of non-Fermi liquid
(NFL) behavior [1]. Their ground-state behavior is
determined by the competition between the on-site Kondo
and the inter-site exchange interaction. When both interactions are balanced, a quantum critical point (QCP),
separating a paramagnetic from a magnetically ordered
ground state, occurs. The nature of quantum criticality in
HF systems has been the focus of interest in recent years.
Different scenarios for the QCP, where long-range
antiferromagnetic (AF) order emerges from the HF state,
have been proposed, e.g. a spin density wave (SDW) and a
localized moment scenario. In the traditional SDW-picture
[2–4], the quasiparticles retain their itinerant character
when these materials are tuned into the long-range ordered
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state and, as a consequence, form an SDW-type of AF
order. Recent experiments have shown that at least in some
HF systems this picture fails [5,6]. Consequently, a new
type of QCP has been proposed at which the quasiparticles
break up into conduction electrons and local 4f moments,
which order antiferromagnetically at sufﬁciently low
temperatures. This picture has been labelled a ‘‘locally
critical’’ scenario and is based on the destruction of the
local Kondo resonances at the QCP [7,8].
In this paper, we give an overview on the use of
measurements of the thermal expansion and critical
Grüneisen ratio. While the Grüneisen parameter Gb/C,
where C denotes the speciﬁc heat and b the volume thermal
expansion, has long been used to describe the volume
dependence of various physical processes [9], our results
establish this quantity as highly suited to characterize
QCPs. As a consequence of the entropy accumulation close
to the zero-temperature instability, the critical Grüneisen
ratio Gcr(T)bcr(T)/Ccr(T) (here bcr(T) and Ccr(T) denote
the quantum critical contributions to the volume thermal
expansion and the electronic speciﬁc heat, respectively)
diverges in the approach of any pressure-sensitive QCP
[10]. Within the SDW theory, the divergence is given by
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Gcr1/T1/vz with the spatial correlation-length exponent n
and the dynamical exponent z. Measurements of the
Grüneisen ratio are therefore apt to check the very
existence of a QCP and to characterize its properties. In
the following, we focus on CeNi2Ge2 [11], CeIn3xSnx [12],
YbRh2(Si0.95Ge0.05)2 [6,13] and CeCu5.8Ag0.2 [14]. All four
of them are well-characterized HF systems in the close
vicinity of AF QCPs.
2. CeNi2Ge2
CeNi2Ge2 is a paramagnetic HF system with a single-ion
Kondo scale of TKE30 K, crystallizing in the tetragonal
ThCr2Si2 structure [15]. At zero magnetic ﬁeld, pronounced
NFL effects have been observed in thermodynamic and
electrical transport experiments [11] related to a nearby
magnetic instability. Indeed, substitution of Ni with the
larger Pd in Ce(Ni1xPdx)2Ge2 induces long-range AF
order below TN ¼ 2 K for x ¼ 0.2 [16]. Furthermore, by
applying magnetic ﬁelds, a Landau–Fermi liquid (LFL)
state is induced with a coefﬁcient A(B), derived from the
electrical resistivity Dr ¼ AT2, that diverges for B-0 [11].
Nevertheless, there are conﬂicting speciﬁc heat results
about whether NFL behavior exists down to lowest
temperatures or whether a cross-over to LFL behavior
occurs. The earliest measurements show a small cusp in
C(T)/T at 0.3 K [15], while more recent work revealed a
cross-over from a logarithmic increase above 0.3 K to a
saturation at lower temperatures [17]. By contrast, C(T)/T
of a high-quality sample with very low residual resistivity
does not saturate but shows an upturn at lowest
temperatures [18]. We measured both the low-temperature
volume thermal expansion, b, and speciﬁc heat, C, on highquality single crystals with a residual resistivity of 5 mO cm.
Fig. 1b displays the volume expansion coefﬁcient b, plotted
as b(T)/T. b(T) has been calculated from the linear thermal
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expansion coefﬁcients of CeNi2Ge2 measured along the
tetragonal a- and c-axis: b ¼ 2aa+ac. b(T)/T is not
constant on cooling, as expected for an LFL, but shows
a divergence over more than two decades in temperature
from 6 K down to at least 50 mK. This clean observation of
NFL behavior provides striking evidence that the single
crystal is located very close to a QCP. As shown by the
solid red line, the data can be described in the entire T
range investigated by the temperature dependence predicted by the three-dimensional (3D)-SDW scenario [10],
i.e. the sum of a singular (1/OT) and a normal (constant)
contribution. The corresponding ﬁt function is described
by b(T)/T ¼ a/OT+b, with a ¼ 3.5  106 K1.5 and
b ¼ 1.7  10–6 K2. We now discuss the low-temperature
speciﬁc heat (Fig. 1a) measured on the same sample. Below
3 K the electronic contribution of the speciﬁc heat could be
described by C(T)/T ¼ g0cOT (red line), compatible with
the 3D-SDW QCP scenario. Here we have assumed that
the low-temperature upturn C/Ta/T3 (dotted line), also
present in this single crystal, is described by the hightemperature tail of a (nuclear) Schottky anomaly. However, the latter is yet unknown, since internal magnetic
ﬁelds of the order of 30 T acting on the nuclear 61Ni or
73
Ge spin states would be necessary to produce this
contribution to our B ¼ 0 data [18]. Of particular
importance is the very fact that this upturn cannot be part
of the quantum critical behavior: It remains unchanged in a
magnetic ﬁeld of about 2 T (yellow curve) that tunes the
system toward the LFL regime. The inﬂuence of the low-T
upturn in C(T)/T on the Grüneisen ratio is smaller than
5% at 0.1 K and is, therefore, not visible in the G(T) plot
shown in Fig. 2. The observation of a divergent G(T) for
T-0 conﬁrms a pressure-sensitive QCP in CeNi2Ge2 [10].
More generally, the results underline that the Grüneisen
ratio provides a novel thermodynamic means of probing
quantum phase transitions. To interpret our results, we
discuss the exponent e of the critical Grüneisen ratio
Gcrp1/Te. The observed quantum critical behavior of both
the thermal expansion and speciﬁc heat in CeNi2Ge2 can be
ﬁt by bcrpOT and CcrpT3/2, respectively, leading to
Gcrp1/T. The Grüneisen exponent e ¼ 1 (with error bars
+0.05/1, as determined from the log–log plot shown in
the inset of Fig. 2) is in full agreement with the 3D-SDW
QCP prediction [10]. This is also compatible with results of
inelastic neutron scattering (INS) experiments on CeNi2Ge2, which did not reveal any hint for quasi-2D magnetic
ﬂuctuations in this system [20].
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Fig. 1. Low-temperature speciﬁc heat as C/T vs. T (a) and volume
thermal expansion as b/T vs. T (b) of a CeNi2Ge2 single crystal [29]. Red
solid lines represent ﬁts according to the 3D-SDW scenario. The dotted
line in (a) represents the raw data, from which a contribution Cn ¼ a/T3
with a ¼ 102 mJ K/mol has been subtracted. The yellow curve shows data
at B ¼ 2 T.

3. CeIn3xSnx
Next, we focus on the HF system CeIn3xSnx, which
crystallizes in the Cu3Au structure with cubic point
symmetry of the Ce-atoms (see inset of Fig. 3). It has been
chosen for a detailed study, as here low-dimensional spinﬂuctuations can be ruled out. Thus, the interesting question
arises, whether the mechanism of NFL behavior in this
system can be described by the itinerant 3D-SDW QCP
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Fig. 2. Temperature dependence of the Grüneisen ratio G ¼ Vmol k1
T b/C
[29], where Vm and kT are the molar volume and isothermal compressibility, respectively. Since the latter has not been measured for CeNi2Ge2,
we use kT ¼ 8.33  1012 Pa1 obtained for the isostructural and related
HF compound CeCu2Si2 [19]. The inset shows the critical component of
cr
cr
cr
Grüneisen ratio Gcr ¼ Vmo/k1
T b /C as log G vs. log T (at B ¼ 0) with
bcr ¼ b(T)bT and Ccr ¼ C(T)(gT+d/T)2. The solid red line represents
bcrp1/Te with e ¼ 1.

theory. The magnetic (x,T) phase diagram of polycrystalline CeIn3xSnx has been thoroughly studied for 0pxp1
by susceptibility [12], speciﬁc heat [21] and resistivity
measurements [22,23] (see the inset of Fig. 3). Whereas TN
for undoped CeIn3 vanishes abruptly below 3 K under
hydrostatic pressure [24], it can be traced down to 0.1 K for
CeIn3xSnx. These differences are related to the change of
the electronic structure induced by Sn doping. Beyond a
possible tetracritical point at xE0.4 [21], an almost linear
dependence of TN(x) is observed. Fig. 3 shows the volume
thermal expansion b of single crystals of CeIn3xSnx with
x ¼ 0.55, 0.65, 0.7 and 0.8 plotted as b(T)/T vs. log T. For
x ¼ 0.55 the broadened step-like decrease in b(T)/T at
TNE0.6 K marks the AF phase transition, in perfect
agreement with speciﬁc heat measurements on the same
single crystal [25]. On increasing the concentration, we ﬁnd
for x ¼ 0.65 and 0.7 diverging behavior over nearly two
decades in T down to 80 mK. These data suggest that TN is
suppressed at a critical concentration xcE0.6770.03, also
consistent with speciﬁc heat measurements performed on
the same samples [25]. Finally, for x ¼ 0.8 we recover LFL
behavior, b(T)/TEconst. for T-0. According to the
expression b/T ¼ a+bTd, the analysis of the x ¼ 0.65 data
reveals a ﬁt of excellent quality (cf. the red dashed line in
Fig. 3) for temperatures up to 1 K. The resulting exponent
d equals 0.5, i.e. the value predicted by the 3D-SDW QCP
scenario [10] (for detailed analysis see [26]). Fig. 4 displays
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Fig. 3. Volume thermal expansion coefﬁcient b of CeIn3xSnx single
crystals as b/T vs. log T [26]. The red dashed line shows T0.5 behavior.
The arrow indicates AF phase transition. The inset shows the magnetic
phase diagram for cubic CeIn3xSnx (xp1). Closed circles and diamonds
indicate TN, determined from speciﬁc heat [21] and electrical resistivity [22]
measurements, respectively. Open diamonds marks T*, the upper limit of
Landau Fermi-liquid behavior, e.g. Dr(T)T2 [23]. Open triangles indicate
the ﬁrst-order transition TI [21].
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Fig. 4. Temperature dependence of the Grüneisen parameter
G ¼ Vmolk–1
for CeIn3xSnx (x ¼ 0.65) [26]. Vm ¼ 6.25 
T b/C
105 m3mol1 and kT ¼ 1.49  1011 Pa1 [27] are the molar volume and
isothermal compressibility, respectivly. The inset shows the critical
cr
cr
component of the Grüneisen ratio Gcr ¼ Vmo/k1
of the same
T b /C
single crystal as log Gcr vs. log T with bcr ¼ b(T)bT and Ccr ¼ C(T)gT
derived after subtraction of background contributions (see text). The solid
red line represents bcrp1/Te with e ¼ 1.170.1.
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4. YbRh2Si2
We now turn to YbRh2Si2, for which pronounced NFL
behavior is observed above a weak AF ordering at
TN ¼ 70 mK [13]. The ordering can be further weakened
by a tiny volume expansion induced by the substitution of
nominally 5 at% Ge for the smaller but isoelectronic Si in
YbRh2(Si0.95Ge0.05)2 [6]. Here, TN ¼ 20 mK, and a ﬁeldinduced QCP occurs at a magnetic ﬁeld of 0.027 T applied
within the tetragonal plane. For temperatures above
50 mK, no effect of the AF transition is detected and the
zero-ﬁeld data above 50 mK do probe the true quantum
critical behavior [6]. In YbRh2Si2, the volume thermal
expansion coefﬁcient b(T) has a negative sign reﬂecting the
decrease of the Kondo temperature with pressure, which is
opposite as in the case of Ce-based HF systems. In Fig. 5,
we compare the temperature dependence of the electronic
speciﬁc heat Cel/T with that of the volume expansion
coefﬁcient b/T. At T41 K, b(T) can be ﬁt by T log (T0/T)
with T0E13 K (see the left solid black line in Fig. 5). At
To1 K, the best ﬁt is given by a1+a0T. Both ﬁts are not
only different from the expected 3D-SDW results discussed
earlier, but also weaker than the log log T form [10]
expected in a 2D-SDW picture. The maximum at 20 mK
in Cel(T)/T marks the onset of very weak AF order [6]. This
is suppressed by Bc ¼ 0.027 T applied in the easy plane. At
B ¼ Bc, a power law divergence Cel(T)/TpT–1/3 is observed for To0.3 K, which is clearly incompatible with the
2D-SDW picture [6]. At higher temperatures, the speciﬁc
heat coefﬁcient also varies logarithmically [6]. Because of
the different slope compared with that of b(T)/T, the
Grüneisen ratio is strongly temperature dependent above
1 K. Most importantly, below 1 K the critical Grüneisen
ratio (see the inset of Fig. 5) diverges as T2/3, incompatible
with the prediction of the SDW theory for an AF QCP. By
contrast, such a fractional exponent would be consistent
with the locally quantum critical picture [7,29]. Hall effect
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the temperature dependence of the Grüneisen ratio G(T)
for the x ¼ 0.65 sample calculated from the speciﬁc heat
and thermal expansion measured on the same single
crystal. Divergent behavior is observed down to the lowest
accessible temperature with very large G values at 0.1 K,
which are of similar size as those found for the other
quantum critical HF systems discussed in this paper. The
fact that the divergence of G(T) in the quantum critical
regime is stronger than logarithmic provides clear evidence
for a pressure-sensitive QCP in the system. If the disorder
present in the system would lead to a ‘‘smeared’’ quantum
critical regime, G(T) could diverge at most logarithmically
[10]. In order to compare our results with the theoretical
predictions for an SDW QCP [10], we analyze the critical
Grüneisen ratio [26] that is displayed on double logarithmic scales in the inset of Fig. 4. We ﬁnd GcrTe with an
exponent close to 1, similar as for CeNi2Ge2, providing
evidence for the applicability of the 3D itinerant theory in
both systems.
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Fig. 5. Electronic speciﬁc heat as Cel/T ¼ (CCQ)/T (left axis) and
volume thermal expansion as b/T (right axis) vs. T (on a logarithmic
scale) for YbRh2(Si0.95Ge0.05)2 at B ¼ 0 [29]. Black solid lines indicate
log(T0/T) dependences with T0 ¼ 30 K and 13 K for Cel/T and b/T,
respectively. The red solid line represents b/T ¼ a0+a1/T with
a0 ¼ 3.4  106 K2 and a1 ¼ 1.34  106 K1. The inset displays a double
logarithmic plot of Gcr(T) with Gcr ¼ Vmol/kTbcr/Ccr using
kT ¼ 5.3  1012 Pa1 [28], bcr ¼ b(T)+a0T and Ccr ¼ Cel(T). The solid
red and the dotted black lines represent bcrp1/Te with e ¼ 0.7 with e ¼ 1,
respectively.

measurements have recently revealed a dramatic change of
the Hall coefﬁcient when tuning YbRh2Si2 across the QCP
by varying the magnetic ﬁeld [30]. This change is observed
when crossing a scale T*(B) that merges at T ¼ 0 at the
critical ﬁeld of 0.05 T. Thermodynamic measurements
prove that T*(B) is an intrinsic energy scale (in the
equilibrium spectrum) that vanishes at the QCP [31]. These
results indicate that quantum criticality in YbRh2Si2
cannot be described within the conventional SDW theory.
Unconventional quantum criticality with multiple vanishing energy scales seems to incorporate inherently quantum
degrees of freedom that are not included in conventional
order-parameter ﬂuctuation theory.
5. CeCu5.8Ag0.2
Finally, we concentrate on the thermal expansion and
critical Grüneisen ratio analysis of orthorhombic CeCu5.8Ag0.2. Our experiments are motivated by INS experiments on the related system CeCu6xAux, which have
revealed an anomalous q-independence in the critical
response and led to the proposal of a locally critical QCP
scenario [5]. Fig. 6 displays the low-temperature speciﬁc
heat divided by temperature, C(T)/T, of various CeCu6xAgx samples on a logarithmic temperature scale
[32]. Long-range AF order is observed for xX0.3 and
manifests itself by broadened jumps in C(T)/T. The inset
shows TN(x) as determined by an (entropy-conserving)
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R. Küchler et al. / Science and Technology of Advanced Materials 8 (2007) 428–433

4

10
CeCu6-xAgx

Γ

8

x

3

70

150

60

100

50
Cel / T(J / K2mol)

0.3
0.4
2

1.0

1

0.48

CeCu6-xAgx

TN (K)

C / T(J/mol K2)

0.2

0.8

0.5

6

50

40
0.1

4

1

T(K)

30

β / T(10-6K-2)

432

20
2

0.0

0

0

0.5

0.1

x

10

CeCu5.8Ag0.2

1.0

T (K)

1

4

Fig. 6. Speciﬁc heat as C/T vs. T (on a logarithmic scale) for different
CeCu6xAgx polycrystals [38]. The inset shows the evolution of the
antiferromagnetic phase transition temperature TN vs. x as derived from
speciﬁc heat (squares: this study, circles: [33]) and electrical resistivity [32])
results.

equal-areas construction and the maximum of the derivative dr(T)/dT in corresponding electrical resistivity measurements [32]. Extrapolation of TN to zero temperature
yields a critical concentration xc ¼ 0.2 (see the inset of
Fig. 6). CeCu5.8Ag0.2 belongs to a class of CeCu6-based HF
systems in which the AF QCP is reached by doping the Cusite [34,35]. Common to all of these systems is a universal
C/Tplog(T0/T) dependence (T0E6 K) of the speciﬁc heat
coefﬁcient over nearly two decades in temperature down to
50 mK (see the green curve in Fig. 6). This behavior would
be compatible with theoretical predictions of the itinerant
scenario for an AF QCP in the presence of 2D critical spinﬂuctuations [10]. Indeed, INS experiments on CeCu5.9Au0.1
revealed rod-like structures of high intensity in q-space
translating to quasi-2D ﬂuctuations in real space [36]. The
2D-SDW picture, however, has been questioned by the
observation of energy over temperature scaling in dynamical susceptibility with an anomalous fractional exponent, virtually independent of wave vector [5]. To further
clarify the nature of QCP in this system, we now turn to
thermal expansion, measured along three major perpendicular orientations, on the same polycrystal studied by
speciﬁc heat (Fig. 7). The volume expansion coefﬁcient b is
determined by the sum of the three linear expansion
coefﬁcients ai all showing a similar temperature dependence. On cooling to the lowest temperatures, b(T)/T
increases strongly and diverges logarithmically for
Tp0.8 K (see Fig. 7). Although the observed b(T)/T
divergence is steeper than in C/T, indicating that NFL
behavior is caused by a QCP, it is much weaker than the
temperature dependence expected in the 2D-SDW scenario
[10]. Finally, we discuss the temperature dependence of the
Grüneisen ratio calculated from the speciﬁc heat and
thermal expansion data shown in Fig. 7. In the entire
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Fig. 7. Electronic speciﬁc heat as Cel/T vs. T (left axis) and volume
thermal expansion as b/T (right axis) vs. T (on a logarithmic scale) for
CeCu5.8Ag 0.2 at B ¼ 0 [38]. Red solid lines indicate log T dependences for
Cel/T and b/T. The inset shows the temperature dependence of the
Grüneisen parameter G ¼ Vm/k1
T b/C with molar volume Vm ¼ 6.37 
105 m3mol1 and isothermal compressibility kT ¼ 1  1011 Pa1 [37] on
a logarithmic temperature scale. The solid red line represents a log(T)
dependence.

temperature range, the divergence is weaker than 1/T and
thus incompatible with the predictions of the itinerant
scenario for both 3D or 2D critical spin-ﬂuctuations [10].
6. Summary
To summarize, thermal expansion is more singular than
speciﬁc heat in the approach of any pressure-sensitive
QCP. The critical Grüneisen ratio of thermal expansion to
speciﬁc heat is the most suitable thermodynamic property
to characterize QCPs. The critical Grüneisen ratio diverges
with an exponent that is directly related to the symmetry of
the critical ﬂuctuations. For the SDW theory, both in 3D
and 2D, a 1/T divergence of the critical Grüneisen ratio is
predicted. We have used a comparative study of the lowtemperature thermal expansion and critical Grüneisen ratio
to QCPs in the different HF systems. For cubic CeIn3xSnx
[26] and tetragonal CeNi2Ge2 [29] for which latter system
INS measurements revealed 3D low-energy magnetic
ﬂuctuations [20], the critical Grüneisen ratio shows a 1/T
divergence, in perfect agreement with the SDW scenario.
By contrast, for YbRh2(Si0.95Ge0.05)2 [29] and CeCu5.8Ag0.2
[38], a divergence with a signiﬁcantly smaller exponent is
observed, incompatible with SDW theory. On the other
hand, there are indications for a more complicated
structure of the critical magnetic ﬂuctuations in both
systems. For CeCu5.9Au0.1, closely related to CeCu5.8Ag0.2,
INS has revealed quasi-2D critical ﬂuctuations [36], while
for YbRh2Si2 competing AF and ferromagnetic quantum
critical ﬂuctuations have been observed [39,40]. For these
latter two systems, evidence for a locally critical QCP has
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been found [5,6]. Our comparative study of the Grüneisen
ratio divergence may thus suggest that a conventional AF
QCP scenario, implying intact Kondo singlets and ‘‘composite’’ HFs at sufﬁciently low temperatures in the whole
phase diagram, requires 3D critical spin-ﬂuctuations.
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P. Coleman, C. Pépin, Q. Si, R. Ramazashvili, J. Phys. Condens.
Matter 13 (2001) R723.
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Lett. 80 (1998) 5627.
[37] G. Oomi, A. Shibata, Y. Onuki, T. Komatsubara, J. Phys. Soc. Jpn.
57 (1998) 152.
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